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An attractor dynamics in a non-Hermitian two-level system
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Exceptional point in non-Hermitian system possesses fascinating properties. We present an ex-
actly solvable attractor dynamics for the first time from a two-level time dependent non-Hermitian
Hamiltonian. It allows a way to evolve to the coalescence state from a pure or mixed initial state
through varying the imaginary parameter along a specific diabatic passage. Contrast to a chaotic
attractor that is ultrasensitive to the initial condition, the designed attractor is insensitive to the
initial conditions. The attractor-like behavior still exists for several adiabatic processes.
PACS numbers: 03.65.Nk,05.60.Gg,11.30.Er,42.25.Bs
The non-Hermiticity is described by external imagi-
nary parameters, which can be imaginary potentials [1–4]
or nonreciprocal couplings [5]. The non-Hermiticity leads
to considerably unusual features even in simple systems.
These include PT phase transition [6–10], unidirectional
and anomalous transport [11–15], asymmetric reflection-
less [16], and loss induced large nonlinearity [17, 18].
Exceptional point (EP) is an exclusive critical point in
non-Hermitian systems, at which pairs of eigenstates co-
alesce and exotic features occur. Such as invisible de-
fects [19–21], coherent absorption [22] and self sustained
emission [23–27], loss-induced revival of lasing [28], laser-
mode selection [29, 30], as well as PT chaos [31]. In con-
trast to degenerate eigenstates, coalesced state is immune
from tunneling between coalescence eigenstates, stabiliz-
ing the target quantum state [32].
The EPs possess fascinating properties, the states in a
two-level system switch when circling an EP after one
circle; moreover, the geometric phase accumulated is
circling direction dependent [33–35]. Dynamically en-
circling an EP was non-adiabatic, the energy transfer
is nonreciprocal [36–38]. The dissipative dynamics in
the non-Hermitian system were discussed through mas-
ter equation approach [39, 40]. Arbitrary control of pair
polarization was achieved in complex birefringent meta-
materials, the orthogonal polarizations is generated from
nonorthogonal pairs of initial state through dynamical
evolution [41]. These works open up the possibility of ex-
ploring other EPs related dynamical effects. It is inter-
esting to investigate how a quantum state evolves when
a system tends to EP.
In this letter, we propose an exactly solvable time-
dependent two-level system. The system can behave as
an attractor when it tends to or crosses an EP. An at-
tractor can be a point, a curve, or a surface in the phase
space of the system to which orbits are attracted. Typi-
cal observations are an infinite number of unstable orbits
embedded in a chaotic attractor. The chaotic dynam-
ics is sensitive to the initial conditions, points on two
arbitrarily close trajectories may have entirely distinct
dynamics, efforts have been made to obtain improved
performance and multiple uses [42]. Nonlinear dissipa-
tive system under driven may exhibit chaotic behavior
[43], which were extensively investigated [44–46]. Re-
cently, periodic or chaotic dynamics were demonstrated
for both the optical and mechanical modes caused by the
optomechanical coupling induced nonlinearity [47]. Here,
an attractor dynamics is presented for the first time from
the two-level non-Hermitian Hamiltonian. The time evo-
lution is studied when the system approaches its EP. We
show that both pure and mixed states evolve to the coa-
lescence state through varying the imaginary parameter
along a specific diabatic passage. Contrast to a chaotic
attractor that is ultrasensitive to the initial condition, we
propose an attractor in a time-dependent non-Hermitian
system without nonlinearity. The attractor is a limit cir-
cle, where the dynamics is insensitive to the initial con-
dition, the evolution of any state finally converges to one
fix orbit. Numerical simulation shows that the attractor
dynamics is applicable to several adiabatic processes.
Time-dependent two-level system. In a Hermitian two-
level system, the transition dynamics is governed by the
Landau–Zener formula [48–51], giving the probability of
a diabatic transition between the two energy states. In
a non-Hermitian system, EP is quite different from de-
generate states since two eigenstate coalesces into one
eigenstate. Before the construction of a general theory
for the dynamics of the time-dependent system, we first
present an exact solvable time-dependent passage.
Any quantum state, being either pure state or mixed
state, can be depicted by a density matrix ρ =∑
i,j pij |i〉 〈j|, where {|i〉} denotes a complete orthonor-
mal set, 〈i |j〉 = δij . For an arbitrary Hamiltonian, in-
cluding Hermitian and non-Hermitian ones, the time evo-
lution of the density matrix obeys the equation
i
∂
∂t
ρ = [H+, ρ] + {H−, ρ} (1)
where we denote H± = (H + H
†)/2. Here, the square
brackets denote the commutator and the curly brack-
ets denote the anticommutator, respectively. In princi-
ple, the dynamics of a mixed state can be obtained from
the solution of the equation. However, exact analytical
solution is rare, especially for the time-dependent non-
Hermitian system with H(t) 6= H†(t).
2We consider a simple two-level non-Hermitian system
consists of two coupled cavities A and B, the energy is
constantly exchanging in the space or time. The Hamil-
tonian is
HAB =
(
iγ(t) κ (t)
κ (t) −iγ(t)
)
, (2)
where κ (t) is the strength of the coupling and γ(t) is the
gain or loss of each cavity. All parameters are dependent
of time t. The time varying quantities γ(t) and κ (t)
satisfy
γ(t) = γn(t) = t
2 − 2n− 1/2, (3)
κ (t) = κn (t) = 1/2− γn(t),
where n = 0, 1, 2, · · · . According to the Eq. (1), we have
i
∂
∂t
Rρ =
[
RHAB,+R
−1, Rρ
]
+
{
RHAB,−R
−1, Rρ
}
(4)
for the density matrix ρ of HAB, where a rotation trans-
formation
R =
1√
2
(
1 i
i 1
)
, (5)
changes HAB into
Hn(t) =
(
0 1
ω2n (t) 0
)
, (6)
Note that ω2n (t) = 2n+1− t2, (n = 0, 1, 2, ...), and ωn (t)
can be real or imaginary. For real ωn, the system has
balanced gain and loss. Hn(t) becomes a Jordan-block
at tc = ±
√
2n+ 1 (ω2n (tc) = 0) and two eigenvectors
coalescence to (1, 0)T . This is the EP of the two level
system.
Equation (4) has exact solution. For the matrix Hn(t),
the density matrix can be expressed as
ρn = Rρ =
(
p11 p12
p21 p22
)
, (7)
with the elements pij satisfying the coupled differential
equations 

ip˙11 = p21 − p12,
ip˙12 = p22 − ω2np11,
ip˙21 = ω
2
np11 − p22,
ip˙22 = ω
2
n (p12 − p21) .
(8)
A special solution of above equations is
p11 = [xn (t)]
2, p22 = [yn (t)]
2 = [x˙n (t)]
2,
p12 = (p21)
∗ = ix˙n (t)xn (t) (9)
with
xn (t) =
(
2nn!
√
pi
)−1/2
et
2/2hn (t)
= (−1)n (2nn!√pi)−1/2 et2/2 dn
dtn
e−t
2
(10)
FIG. 1. (Color online) Effective Bloch dynamics of the non-
Hermitian two-level system (6) with (a)n = 0 and (b)n = 1
from different initial states(including pure and mixed states,
which are identified by solid and dash lines). The red points
in the two graphs mean the fixed point (1, 0) and (0, 1), re-
spectively.
where hn (t) is the Hermite polynomial. The solution
above is still valid for the original Hamiltonian HAB un-
der an inverse transformation of Eq. (5). The density op-
erator ρn is the density matrix of the pure state (xn, yn)
T ,
which is the solution of a quantum harmonic oscillator
x¨ + ω2n(t)x = 0. The eigen functions behave distinctly
in three different regions: In the center region, the eigen
function is a standing wave inside and an evanescent wave
outside. This solution governs the dynamics when the
system varys through the passage ω2n (t), also provides
the exact evolved wave function for a series of initial wave
functions as the system varys along a fixed passage. In
other word, for a given ω2n (t), the initial and final states
are two points [xn (t1) , yn (t1)]
T and [xn (t2) , yn (t2)]
T on
the curve {xn (t) , yn (t)}, respectively, where t1 and t2
are initial and final instants, respectively.
Fixed point of evolution. From the above results,
[xn (t) , yn (t)] is not the instantaneous eigenstate of
Hn(t). Thus, the time evolution dynamics is not a adi-
abatic process, but a diabatic one. To characterize
the process, we employ the normalized Bloch vector
(σx, σy , σz) which is defined as σx = (x
∗
nyn + xny
∗
n)/Ω,
3σy = −i(x∗nyn − xny∗n)/Ω, σz = (x2n − |yn|2)/Ω, with
Ω = 2(|xn|2 + |yn|2). It directly indicates that σx = 0
and σ2y + σ
2
z = 1, which means that the trajectories of
time evolution for any n are the same fixed longitude
line on the Bloch sphere. This line is an asymptotic at-
tractor for any nontrivial initial state. The dynamics is
insensitive to the initial states, not only pure states but
also mixed states will evolve to this orbit.
In fact, the solution tells us that [xn (t) , yn (t)]
T →
[0, 0]T as t→ ±∞. This indicates that a state probability
decays in the time evolution, similar as a complete ab-
sorption; occurring in certain non-Hermitian systems at
the spectral singularity [24, 25, 27, 52, 53]. Inversely, the
time-reversal process is similar as a laser emission. How-
ever, the probability increasing rate differs, the probabil-
ity gain rate is a function of time square. We demonstrate
the features of the dynamics from two limit cases of n = 0
and n≫ 1. We show that in both cases, the dynamics is
diabatic process and the state [1, 0]T can be dynamically
prepared, the preparation efficiency is n dependent.
When n = 0, we have
{
x0 (t) = e
−t2/2,
y0 (t) = −ite−t2/2.
(11)
At time t = tc = ±1, we have ω20 (tc) = 0 and
[x0 (tc) , y0 (tc)]
T
= e−1/2[1,∓i]T , which leads to the EP
of the matrix H0(t). H0(t) is defective and reduces to a
2×2 Jordan block, its instantaneous coalesced eigenstate
is [1, 0]T . Obviously, the evolved state [x0 (tc) , y0 (tc)]
T
is not the instantaneous coalesced eigenstate. How-
ever, at the instant t = 0, we have the evolved state
[x0 (0) , y0 (0)]
T
= [1, 0]T , which is the coalescing state,
while the matrix H0 (0) = σx is Hermitian with eigen-
states 2−1/2 [1,±1]T . If the initial state is [x0 (0) , y0 (0)]T
at t = 0, the final state at t → ∞ approaches a zero
vector. On the other hand, there is an initial state
|φ (t0)〉 =
(
1 + t20
)−1/2
[i, t0]
T at t0 → −∞, which can
evolve to state [1, 0]T at t = 0 but with infinite amplitude,
the normalized state is |φ (0)〉 / ||φ (0)〉| = [1, 0]T . More-
over, any initial state can have this feature since for an
arbitrary state |φ〉 = [cos θ, e−iφ sin θ]T , the Dirac inner
product 〈φ |φ (t0)〉 =
(
1 + t20
)−1/2 (
i cos θ + t0e
iφ sin θ
)
is
always nonzero when t0 → −∞, which indicates that any
state has the component of |φ (t0)〉. This is crucial for
the application of an attractor, i.e., any unknown state
evolves to state [1, 0]T . Thus, robust state preparation
via dynamical evolution is possible.
When n ≫ 1, the range of the oscillating regions can
be estimated from the leftmost or rightmost maximum
of the amplitude xn (t), where we have
d
dt
xn (tb) = 0, xn (tb) ≈ ±xn−1 (tb) , (12)
From the recursion identities

x˙n =
√
n
2
xn−1 −
√
n+1
2
xn+1,
txn =
√
n
2
xn−1 +
√
n+1
2
xn+1,
(13)
we have {
0 ≈ xn−1 − xn+1,
±tbxn−1 (tb) ≈
√
n
2
(xn−1 + xn+1) ,
(14)
which leads to tb ≈ ±
√
2n. We note that at instance tb,
the solution is the state [1, 0]T , i.e., xn (tb) reaches the
maximum, while yn (tb) as the velocity of xn vanishes.
When we apply the solution to the dynamics of state,
similar things happen as that in n = 0 case. If the initial
state is [1, 0]T at t = tb, the final state at t → ∞ ap-
proaches zero vector. On the other hand, the inverse pro-
cess happens if we take an initial state [xn (t0) , yn (t0)]
at t0 → −∞. It can evolve to state [1, 0]T at t = −tb
but with infinite amplitude. Comparing to the n = 0
case, this diabatic process is faster. In Fig. 1, we plot
the expression of xn (t) for different n to demonstrate
this point. Similarly, we note that ω2n (tb) = 1, while
ω2n (tc) = 0 with tc =
√
2n+ 1.
So far, we conclude that there exist a series of dia-
batic passages which can dynamically prepare the co-
alescing state [1, 0]T from an unknown (arbitrary/any)
initial state, including mixed state. The duration time
monotonously depends on n, i.e., larger n leading to
faster process.
To demonstrate our conclusions, numerical simulations
are performed for the evolutions of pure and mixed states.
For small time increment ∆t, the Schro¨dinger equation
for density matrix becomes
ρ(t+∆t) ≈ ρ(t)− i([H+(t), ρ(t)] − i {H−(t), ρ(t)})∆t,
(15)
which is employed to compute the time evolution of den-
sity matrix numerically. A normalized state is depicted
by a Bloch vector a, which is defined as ρ = 1
2
(I + a · σ),
I is unitary matrix and σ are Pauli matrices. Therefore,
the trajectory of a in the Bloch sphere can describe the
time evolution of a state.
We depict the dynamics of initial states for n = 0 and
n = 1 in Fig. 1. From the trajectories, all initial states
coincide to the analytical solution finally. The final state
is [1, 0]T for n = 0 and [0, 1]T for n = 1. These imply
that when n ∈ (0, 1), there is a possibility that we can
dynamically prepare any pure state from an unknown
(arbitrary/any) initial state. The numerical results have
displayed this tendency to us.
The dynamics of a PT dimer has two fixed points ex-
cept for the PT transition point, where two fixed points
coincide [40]. In exact PT phase, the orbits are closed
circles, which transform nonorthogonal pair states to or-
thogonal states using complex birefringent material [41].
4FIG. 2. (color online) Effective Bloch dynamics of the non-
Hermitian two-level system: (a)(16) and (b)(17) from differ-
ent initial states (including pure and mixed states, which are
identified by solid and dash lines).
In broken PT phase, the orbits start from the source
fixed point to the sink fixed point. The attractor in this
letter has different dynamics, there exists only one fixed
point, the pure states on the sphere surface and mixed
states inside the sphere both evolve to the fixed point.
Adiabatic process. Until now, we have proved that the
specific forms of γ(t) and κ (t) in HAB can lead to the
dynamics which has similar phenomena for the complete
absorption and laser emission, i.e., implication of the at-
tractor. So a natural question is whether an adiabatic
passage can accomplish the same task. For example, we
consider two passages with κ is always a real constant 1
and (i)
γ(t) = t, (16)
(ii)
γ(t) = 1− t2. (17)
Unlike the situation of Hermitian systems, there is no well
established theory to describe the process. On the other
hand, we have no idea about the tunneling between two
coalescing levels. Nevertheless, the diabatic solution im-
plies the possibility of the amplification of amplitude. In
this situation, numerical simulation is a better way to fol-
low a quasi-adiabatic passage. It is obvious that although
the position of EP is different in the two cases, both of
them can go through(or reach) the EP during the time
evolution from a −t satisfied κ2 − γ2(−t) ≪ 0 to t = 0.
Then according to the simulation, the dynamics of these
two cases are same as what we found before, which im-
plies that once the model can get close to the EP during
the time evolution from the broken area(κ2 − γ2(t) ≪ 0
at the beginning of the evolution), there is always a fixed
point in this dynamical process. The simulation result is
showed in Fig. 2. It indicates that although the speed of
the evolution and the position of the fixed point changed,
the asymptotic line, which likes the one in Fig. 1, still
exists even in the adiabatic process with different forms
of κ (t) and γ (t).
Experimental realization. At last we talk something
about the realization of our model. In fact, there is no
scheme has been proposed to realize such a system that
both κ (t) and γ (t) can change with the time in specific
forms. But in practice, the two-level non-Hamiltonian
system likes
H =
(
iγ(t) κ
κ −iγ(t)
)
(18)
which requires that κ is independent of t, has been real-
ized to study the special feature of the EP point. Such
as the emergence of multiple EPs in the coupled acoustic
cavity resonators [54] and the properties associated with
encirclement of an EP [38]. In optics, this kind of sys-
tem can be also realized by using waveguides or a series
of varying dichroic birefringent plates. We can just let
γ(t) = t for convenient, which is also easy to achieve in
experiment. Based on the numerical result before, the
dynamics of this system is similar with the original sys-
tem we proposed in Eq. (6). So one can build a simple
platform described by Eq. (18) to investigate the phe-
nomena of the attractor, i.e., a fixed point during the
time evolution.
Summary. In summary, we have proposed a time-
dependent non-Hermitian two-level system, in which the
dynamics has an exactly solvable passage. By varying
the imaginary parameter along a specific diabatic pas-
sage, the two-level system behaves as an attractor, which
is insensitive to the initial conditions. An attractor-like
behavior is found for the first time from a non-Hermitian
two-level system. We have shown that arbitrary pure and
mixed state can evolve to the coalescence state. More-
over, the numerical results indicated two other things:
(i) Except the coalescing state, there is a possibility that
we can dynamically prepare several target states from
an unknown (arbitrary/any) initial state. (ii) The same
phenomenon still exists even in adiabatic passages with
different forms of parameters of the cavity. Finally, we
give a practical model which can possibly realize the dy-
namics of our model in the experiment.
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